FP3 mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers (back to June 2002)

Please note that the following pages contain mark schemes for questions from past papers.
Where a question reference is marked with an asterisk (*), it is a partial version of the original.

The standard of the mark schemes is variable, depending on what we still have — many are
scanned, some are handwritten and some are typed.

The questions are available on a separate document, originally sent with this one.

This document was circulated by e-mail in March 2009; the mark schemes for questions 2 and 7
have since been removed (18.3.09) since they are not on the specification.
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3
1 (@) — [
~—_ | 4 X Closed shape 3,4
Bl
(b) [b?=a’*(1l-¢€¢’) = 9=16(1-¢%) M1
ezﬂ oe awrt 0.661 | Al

(c) | Foci are at (+ae, 0)

use ofae | M1

(\'7, 0) and (-\7, 0) awrt 2.65, 0 is required, ft theire | Al ft

1)

)

(2)
(5 marks)
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e* +e" e* —e™”
3. 10 +2 =11 M1
6e”* —11x* +4=0 quadratic in e* | M1, Al
(2e* -1)(3e*-4)=0 M1
e* =1 and /5 Al
x =In%and In %/ M1, Al
(7 marks)
Alt 3. 10cosh x + 2sinh x = Rcosh(X + &)
R=V96Mtana:% M1, Al
11
cosh(x + a) =———
J96
11 121 .
X+a=Inl—= || — -1 either | A1
[J% ( 96 j }
L and Y8 both as single In
J6 4 Al
X= Ini—l/zlng, In@—l/zlnE
J6 2 4 2
=In i—ﬁ , In ﬁ—ﬁ combine either into single In.
NIRE] 4 |3 M1
Dependent on first two Ms
x =In%and In %/ A1, Al
[One answer by alt. method gains max. MIAIM1MOM1A1AQ]
(11 marks)
[P5 June 2002 Qn 3]
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4. (a) jx” cos xdx = X" sin X — njx”‘lsin X dx M1, Al

= e, —[nx"* cos x +_[n(n —1)x"% cos x dx] M1
Using limits 1 :(%j -n(n-1I, (%) cso | M1, Al (5)
2 .
() |1, =jcosxdx =[sinx]z =1 atany stage | Bl
0
p 6
"S:(Ej — 301, M1

(& )
(5] () ) "

6 4 2
Hence I, =(%] —30@) +360[§] ~720 cao |Al (4

(9 marks)

[P5 June 2002 Qn 4]
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5. (@) | y=arctan3x = tany=3X M1
sec’ yﬂ=3 Al
dx
dy _ 3 3
%*
dx 1+ tan? y 1+ 9x? (%) ML AL (@)
(b) J'6x arctan 3x dx = 3x° arctan 3x — I—dx M1, Al
2 —
S R gy M1
1+9x
1
= - X+ garctan 3X Al
¥3
s_m 3.7 M1
s, 3 3 9
== (47 -33) (%) Al (6)
(10 marks)
[P5 June 2002 Qn 6]




; dy
6. =2x"*, L=x"*
@@ |y i

.[Zny 1+ — dx:47zj'x 1+=| dx
1
= 47[I 1+ x dx (%)
0
®

() | S =47ZI\/m(jX:{4”§(l+ X)s/z:l

(0)

3

2\2 %
() J[l+[d—y) ] dx = J(1+£j dx
dx X
J X_+ldX
X
! X+1
Using symmetry, s=2 ——dx (%)
%
0

(d) | x=sinh?@, d—X=25inh9cosh0

a0
)

1 =2[ |28 o inh o cosh 6 do
sinh® @

:4'|'cosh2 6 do
=2j(1+cosh29) do

=26 +sinh 26
Limits are 0 and arsinhl (= In (1++/2)

arsinhl
S= [20+ 2sinh O+/1+ sinh? 49}
0

= 2arsinh1+2+(1+1°) = 2[V2+In(1+72) ]

= 8_”(23’2 - 1) or any exact equivalent

M1, Al

M1

Al

M1, Al

Al

M1

Al

Al

Bl

M1

M1
Al

M1 Al

(4)

©)

©)

(6)
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6. (d) Alt

The last four marks can be gained:

) —6\?
|=4j(e e jdH:j(e29+2+e‘29)d6

2

20 -20
= 1298
2 2

S=2arsinh1+%[(1+ ﬁ)z ;]

(1+\/§)2

= ... +11+2+2\/§— 1 .3_2\/5
2 34242 3-242

=2In(L++/2) +%(3+ 242 =3+ 24/2) = 2[2 + In(L +/2)] (%)

M1

Al

M1, Al

6. (d) Alt

The last two marks may be gained by substituting back to

the variable x
s =[26 +sinh 20]" =[26 + 2sinh @ cosh O]

= [Zarsinh\/; +24x1+ x]z
= 2arsinhl+ 2v/2 =2In(l+ v/2) =242
=22 +In(t+ 2] (%)

M1, Al

[P5 June 2002 Qn 8]
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1 0 4) 2 6 2
8. (@||0 5 4|-2|=|-6|=3-2|, ..eigenvalueis3 M1A1, Al (3)
4 4 3|1 3 1
-8 0 4
_ M1A1 (2)
(b) | Either |0 -4 4|=-8(24-16)+4(16)=-64+64=0
4 4 -6
1-4 0 4
orf 0 5-4 4 |=0
Alt(b) 4 4 3.2
=>@1-4)5-4)@B-1)-16(1-1)-16(5-4)=0
= B-1)(1-9)(1+3)=0 = Aisan eigenvalue M1 Al
X
y |eigenvector = x +4z =9x,5y +4z =9y, 4x + 4y + 3z + 9z
M1
z
At least two of these equations
Attempttosolve z=2x,z=y,2x+2y =3z Al
1
w12 Al (3)
2
2 1 2
3 3 3
(c) | Make e.vectors unit to obtainP =| -2 £ % |columns in any order M1, Alft
IR
300
D=|0 9 O |,where A3 =-3, P and D consistent M1, Al, Bl
0 0 A (5)
2 1 2 27 0 O M1A1ft,
Alt P=|-2 2 1|, D=0 81 0 |, PandD consistent M1AL,
1 2 -2 0 0 -27 B1
[P6 June 2002 Qn 5]
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(@)

AB=5i+3j AC=3i+2j-k or BC=-2i-j-k

]
ABxAC=[5 3 0 =-3i+5j+k
3 2

M1, Al
Sr=i+2j+k+ A(=3i +5) + k) B1 ft 3)
(b) | Volume = %E.(Ei « AC) AD =2i + 3 + 2k B1
= Yg(2i + 3j + 2K).(=3i + 5j + k) M1
=Y Al (3)
(€) | r.(=3i+5j+Kk)=(2i+j).(=3i + 5§ + k) M1, Al ft
=-1 Al (3)
(d) | [i.1-32) +j@2+52) + k(1 + A)].(=3i+5j+k)=-1 M1, Alft
-3+94+10+254+3+4=-1
3BA+10=-1 = A=-1 M1
Eis [@ 15 %j Al 4
35'35'35 @)
(e) | Distance = —E|— 3i+5)+ k|:@ (%) M1A1L (2
35 35
11 22
A=2x| - |=——=
® X( 35} 35 Bl
ror=i+2j+k+-2(=3i +5j + k)
M1
. (101 40 83
D'is| —,——,—
(35 35 35) Al )
(18 marks)
[P6 June 2002 Qn 7]

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009




10. 4(ex ;e_xj+ex —2e =8 M1
5e - 16e*+3=0 M1 Al
(5e*-1)(e*-3)=0 Al
=13
x=1In($),In3 accept—In5 | M1 Al (6)
(6 marks)
[P5 June 2003 Qn 1]
11 (a) |y=artanhx
tanhy = x
sech?y Yy, M1 Al
dx
Yo 1 1
dx 1-tanh’y 1-x° Al ©)
€SO
(b) [ 1.artanh x dx = x artanh x — Il—xxz dx M1 Al
=xartanh x + 1 In(1 = x?) (+c) MLALl  (4)
(7 marks)
AL | — 1{11} """""""""""""""""""""""""""""""""""""""""""""""
1-x* 2[1-x 1+x
jl_XX2 dx=-LIn(1-x) - % In(1+X)

This is acceptable (with the rest correct) for final M1 Al

FP3 question
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12.

j—lo dx:EJ.—10 dx
NAx% +9 27 [x*+2

= Earsinh(ﬁ) =5In %+
2 3 3

[T —sarsinn |5 204
3 3

fton5
Area = 9.594 x 100 = 960 (m?)

Using a substitution

(i) 2x=3sinh g 2dx=3coshadé
jidx = j 10 xgcosh 0do complete subs.
AAX2 +9 3coshd 2

=5[d@ =5 arsinh %

then as before,

or changing limits to 0 and arsinh % (or In[%-l- 1/%}

this Al

(i) 2x=3tan & 2dx=3sec’0do

) can gain

xgseczede

10 10
_— _dx=|—
J‘«/4x2+9 I\/9tan26?+9

=5[sec 6d@=5 In (sec O+ tan )
Limits are 0 and arctan %

( 100 +1 +%] etc

arctan®

o ° =5In

[]

M1

M1 Al

M1 Al ft

M1 Al
(7 marks)

M1

M1 Al

M1

M1

Al

M1 Alft
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13. (a)

(b)

Y _ ginp X

dx a
2
[ 1+(9¥j dx = | 1+smhszjdx=jcoﬁ»5dx=smh
dx a a

ka

Length = Z[asinh 5} =2asinhk (*)

0
2a sinh k = 8a
sinhk=14
x=ka=aarsinh4=aln (4 +17)

y = a cosh ka _ aV(1 + sinh?k) = av17
a

X
a

Bl

M1, Al

MLALl  (5)

Bl
Bl

MLAL (4

(9 marks)
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14. (a)
(b)
()

Altto (a) |

secy =¢"
dy _ «x
secytany — =¢e" (=secy)
dx
d_y = € = ! = 1 (*) cso
dx secytany  sec?y-1 e -1
y
e Shape, curve — (0, 0)
T
Asymptote, (y =) >
O |
(x=In2) y=arcsec2= %
y__1 1
dx J4-1 3
tangentis y-— Z = i(x— In 2)
3 3
Vs 1
x=0, y= 3° —3 In2 exact answer only
cosy=e>*
—sin y d_y = €
dx  J1-cos?y
e 1
= = *) €SO
Ji—e? e -1

Bl

M1 Al

MLAL  (5)

Bl

B1 o)

Bl

Bl

M1

(4)

(11 marks)

M1 Al

MLAL (5
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15.

(@ |Ih= [X“eX]Z—njolx“‘leX dx=e-nly_1 &)

(b) | In= [—x“e’x}z + nJ'Ol X" e dx

=—et+nl,_;
)| J= —t+2J
Ji= —et+],

1
= 1+ je‘x dx
0

= el+(l-eh) (=1-2e

Jo= —et421-2eY)=2- 2 *)
e

1 X =X
(d) _f:x“coshxdx :J x”(e +2e ]dx =i(h+3) (*
0

@ |l,=e-2l1=e-2(e—-lp)=2lp—¢

:ZI:ede—e:Z[e—l]—e (=e-2)

5 5
32+ J) = %(e—2+2—g)=%(9—g)

cso | M1 A1 (2)

M1 Al

Al (3

sz\ll M1

Al

Al (3

BL (1)

M1 Al

M1 AL (4)

(13 marks)
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16. (a) X asecttan t, Y _ b sectt M1 Al
dt dt
2
dy _ _bsec’t (: b j M1 AL
dx asecttant asint
gradient of normal is — asint
y—btant:—asmt(x—asect) M1
axsint+by=(a®+b’tant (¥ cso | Al (6)
B _ (a®+b?)tant a?+b?
b)|y=0= x= - = Bl
asint acost
2
b= 2%’ -1) = bZ:S% M1
OS = ae and OA = 3AS M1
2
L :3a2><§xcost
cost=+ M1 Al
= £ 5% Al
3 3
2 2 2 2
By symmetry or(asOA:Ia +b | _8 +b = 3ae
| acost | acost
t:2—”,4—ﬂ M1 Al (8)
3 3
(14 marks)
Alt.to | ox 2ydy
XYY M1 Al
(a) a® b dx
dy 2b°x b*asect
== = M1 Al
dx 2a°y a‘btant
then as before

[P5 June 2003 Qn 8]
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17. ﬁxE=(h—a]><{c—a}={bxc)—(axc)—{hxa)+{axa) M1 Al
Usingaxe=-exa orbxa=—axb or axa=0 Bl
]Eé x AC | =AB. AC sin ¢ =2 x area of triangle, or equivalent M1
Finalresult: I |axb+bxe+exa| (%) Alcgso  [5)
[P6 June 2003 Qn 1]
18. {a} Deriving characteristic equation (4 - AW-9-A)+30=0 M1 Al
= M4 6=0 = (A +6)( h-1)=0=h=—6,L=1 M1 Al )
(b) Stating, implying or showing & = 1 associated with point invariant line. Bl
4 —5Y¥x x
= =
6 98y ¥
Equation is 4x-5y=x = 3x—35y=10 any equivalent form M1 Al (3}
171
[P6 June 2003 Qn 3]
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EE AR AL

19.

() DetA=3u—3)—(@u-5-3-5=2u-2 [=2u—1)]

4

*) MIAL ()

u—3 S5—u -2
(b) Cofactors ~(u+3) 3u+5 -4 (= 1 A mark for each term wrong)| M1 A3
2 -4 2
| u-3 —(u+3) 2
A—l = — —
YO 5-u  3u+35 —4 Ml AIft (6)
\ -2 —4 2
a 3 (3 -9 2 3 (12
@ |b/=aM 1|, Usingu=6: — -1 23 —4/| 1|==]|_4 M1
6 10 6 10
c -2 -4 2
6,2 1
a 5 -5 €73 (One correct Al, other 2 correct A1) | Al, Al 3)
[ Algebraic approach: Finding one value M1 A1,
other two Al ]
[11]
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20. {a) Normal to plane is (—i+ 5j + 3k) Bl
Equation of plane: r. (—i+5j+3ky=(+2j-k).(—i+ 5j+3Kk) M1
= —x+5v+3z=~1+10-3=6 or equivalent ™) MI1 Al 4)
[If vector equation of plane is by-passed, then B1 M2 Al |
® = B1
V35
|6 — (i+2j+2K). (—i+5j+3Kk)| M1 Al
or |PQ .(—i+5j+3K)|=|3K.(~i+5j+3K) |
Distance 2 or a t 1.52 Al 4
= /== JWLIL .
NED “)
(c) Direction of one line in plane = (—i+ 5j + 3k) M1
Direction of another line in plane = (3i — 2k) — (i + 2j + 2k) M1
= 1= (i +2j+2K)+ s(—i+ 5]+ 3K) + t(2i —2j — 4K) MIAL (@
or (3i—2K) +s(—i+ 5+ 3K) +1(2i —2j — 4K)
[12]
[P6 June 2003 Qn 7]
cosh? x—sinh? x =1 (e* +e7*)* -1 (e* —e7*)? M1
21. (a) 2 2 2 2 Al
=+ +2+e 7 -7 +2-e)
_ Al
b | 3 L —2C_OShX=2 .'.1—(ex+e‘x) =e*—e™” M1
sinhx  sinhx
s2et =1 Al
Make x the subject of the formula, x =In(3) =-In2 M1, Al (@)
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@ |a=2 b=l c=16 B1, B1, B1
©)
(b) s
—————dx
J 05 (2x+1)°+16 M1
1 (2x +1ﬂ“’
=|—arctan
_8 4 -0.5
M1 Al
-
32
Bl 4
[P5 June 2004 Qn 2]
(@) | As 4=9(1-¢%), .e*=3 M1, Al
Uses ae to obtain that the foci are at (++/5,0) M1 Al
(4)
(b) PS+PS'= e(PM +PM ') M1 for single statement e.g, PS = ePM
=ex @ M1 needs complete method M 1
e
=2a=6
M1
Al
©)

[P5 June 2004 Qn 3]
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24,

(@)

(b)

(©)

Using product rule % = (n—1)sinh"? xcosh® x +sinh" x
X

Using cosh? x =1+sinh® x in derived expression

to obtain % = (n=1)sinh"? x(1+sinh? x) +sinh" x
X

and (;_y: (n=1)sinh"? x+nsinh" x =
X

) arsinhl arsinhl
[sinh"™ x cosh x]3*™* = J‘ (n—1)sinh"? xdx + nsinh" xdx
0 0

So cosh(arsinhl) =(n-1)I,, +nl,

If sinh o =1 then cosh o = v1+sinh?a =2
snl =v2-(n-1)1_,*

OR

arsinhl arsinhl arsinhl

j sith™ xsinhxc=[ sirh™ xeoshx | —(n—1) j cosh? xsinh™? xdx
0 0

and use cosh? x =1+sinh? x

collect I_+(n—1)1 to obtain nl_=~2—-(n-1)I_, *

I, =arsinhl

21, =21,

41, =~/2 - 31, and use with previous results to obtain...
:§(3arsinh1—ﬁ) = 0.154 (either answer acceptable)

M1

M1

Al (3)

M1

Al (2)

M1

Al @)

Bl
M1

M1
Al (4)
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25.

()

(b)

%=—3acoszesin9 ﬂ:3asinzecosé’
do do

S= j\/(9a2 (c*s* +s'c?))do

:3aj\/czszd€

:3ajcosesin 0do

Total length = 4><3—2a[sin2 o

=6a

A= 27rJ.asin3 6 x3acosdsinfdo
=67ra2jsin4ecosed¢9

_6ra’
5
_127a’
-5

[gnSe]fxz

Bl

M1

M1

Al

M1
M1 AL (7)

M1 Al

M1

M1 ALl (5)
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26. (@) AB=| 3 AC=|-2 M1

[ j k 1
ABxAC=|-4 3 —4{=|4]| Al:One value correct, Al: All correct M1 Al Al (4)

1 1
(b) r|4|= |14]=3-4+8 r|4|=17 M1 Alft (2)
2 2
(c) AD AB X AC (Attempt suitable triple scalar product) M1
or } (if using AD) Bl
1 ik 1
Volume = A 31.l4]|= E(Z +12-2)=2 M1 A1(cso)(4)
-1) 12

10

[P6 June 2004 Qn 3]
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d) |detM|= | (3V2) - 4(-12V2) ~1(=32) | =542

Alternatives:
a 1 3 12
(© Require | b | parallelto| 4 |x|0|,=| —6
c -1 3 -12

(Then as in main scheme, scaling to give a, b and c.)

(d) det (MMT) =18, detM=det MT, |detM|=18V18 (=54+2)

1 4 -1y(1 3 a k 0 O
27. MM"'=/3 0 p|4 0 b|=|0 k O
ab c)l-1 p c 0 0 k
3
@ @ 4 -1)0|=0= p=3
P
1
) @ 4 -1) 4 |=k=>k=18 (ft on their p, if used)
-1
(©) 2 equations: a+4b-c=0 3a+3c=0
. . 1 .
aand b in terms of ¢ (or equiv.): a=-c¢ =5¢ (ft on their p)
a)(a
Using |b|.|b[=18 (a®+b®+c?*=18): a=2v2,b=-V2,¢c=-2\2
c)lc

M1 AL(2)

M1 ALft (2)

M1

M1 Alft

M1 A2(1,0) (6)

M1 Al(cso) (2)

12

M1, M1 Al

M1 A2(1,0) (6)
MLAL (2
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28. (a) detA=0  (3-1)°-1=0 M1

#-61+8=0 (A-2)(A-4)=0 A=2 A=4 Al
1 1) x . -1 .
A=2: =0, x+y=0, Eigenvector (orequiv.) MI1A1
1 1)y 1
-1 1})x . 1 .
A=4: ( 1 ij =0, —-x+y=0, Eigenvector (J (or equiv.) Al (5)
1 - . 1
(b) P=k M: eigenvectors as columns, k = — M1, Al
1 1 NA
prpro (1
J2l-1 1
4 1 (1 1)(3 1)1 (1 -1 4 0
D=P "AP=— : — = M1, M1 Al (5)
J2 -1 1){1 3)y211 1 0 2
(c) 1. Rotation of % clockwise (about (0, 0)).
2. Stretch, x 4 parallel to x-axis, x 2 parallel to y-axis.
3. Rotation of % anticlockwise (about (0, 0)).
1. and 3. both rotation, or both reflection. M1
Correct angles, opposite sense or correct lines (reflection). Al
Stretch. Bl
All correct, including order. Al 4)

14

[P6 June 2004 Qn 6]
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I+x 1 x
29, a dx = dx + dx
® Ix!(l—ctf) Jd[l--afj Iu’(l—a,x‘) M
lamsin?.x*l-Zx_—l‘f(l*‘lxz) era M1 A 1M1
2 ’ B Coredg T
_b 1 2
=, wesin 2x —14(1-4;; ) (+0) Al (5)
Alternative Letx= lsin a, fmx lcosé'd& M1
2 cos & 2
1 1 1 . 1 3
=5 r.’:?-zcos g+, = Earcsmlx —E\'(l-#x ) +C)  MIAL M1 AL
3 l+x
b f dx = 0.5 arcsin 0.6 — 0.25V0.64 + 0.25 = 0372
(7
[FP2/P5 June 2005 Qn 1]
Ix =3 Pin i Tink
30. {{a) cosh2x = < -;e =< —;e (oruse e" =k) Mi
kT ET k' . M1 Al 3
5 T *) (3]
® (9= p-2sech™2x M1 Al
241 17
Forx=1In2, h2x= = —
x cosh 2x T 3 B1
2 64 128
. =0, = 2K~ = ——
cosh? 2x P 2% ge 20 Al @
(7
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dx ) d .
31. E=—3acoszt51nt d—f:Sasmz.!cos: M1 Al
Area= 27 jasin’ 1/9a* (cos” £sin® 1 + sin” £ cos? £)dt M1 Al
s T 2
=ﬁxazfsin%simcoszdms;ra?[s“; ’] =6"§‘ MIALAL (7
I
{7
[FP2/P5 June 2005 Qn 3]
32. {a) !n:%x"e?’-— J-x""ez"dx, I, =—(x"e*™ —nl, ) (*) M1 AT Al (3
(t) .[.rzez‘dx—.! =|:1x2e"]' 1 =ter_g cormesre | M1
|2 o 2 ! St
fl=[%xez”] ~ 1, %el %IO
LY !mkﬁe " Al
2=t 2
— ot de | © _e 1
- fere| 5] -5
use. o
et et (e 1 l{; Wradk= | M
e P Ty i Al ¢
(8
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MELBELLLP

33.

fxarmsh.rd.x = arcoshx J-

zJi

.1'2 :
{?arcoshx} =3 arcosh2
1
cosh’ @
Let x = cosh & inh&d @
e Zsillll%u?Sl
j‘cnsh gdﬂ Il+cnsh2|9dg E sinh 26
!4 8
[a smnza] 1 2x3%2
=—arcosh2 +——— "~
4
7 7
Amﬁ=5arcosh2—{§- -i (2+~f_} ‘J_

M1 Al
M1 Al
MLMI Al
Lismids | M1 Al
" | Al (10)
(10)
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4 2 2
34. (a In ﬂ:x—)]ﬂn 1-V0-x Jxl-ﬂfﬂ_x ) Mi
x x 1+Y(1-x?)
1-(1—-x%) 1+V(1-x%)
=1 ==l ——— *
n{xlw(l-f))] { x @ MiAl )
(b) Lety=arsechx sechy= 2 - B1
e’ +e”
xe +xe? =2 xe-2¢/ +x=0 M1
— 2 -
ey=21xl'4 4x :Iiu'l x M1 Al
Zx x
1++/1-x? V1=
y=]n[___._—x._]: {i) [n[f__.]_i] (t) Al {5)
X X
(@ 31 —sechx)—4sechx +1=0 M
(3sechx —2)(sechx +2)=0 sechx=§ MI A1
3 5 345
= — e =
x _m{z{n 9]] ilr{ ; ] M1 Al (5)
(13)
[FP2/P5 June 2005 Qn 8]
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35. (a) (1) b xa isperpendiculartoa (and b) B1
a.b x a=|a||b x a| cos 90° = 0 or equivalent Bl (2)
(i) axb=axe = ax(b-¢)=0 Mi
As a# 0 andb = ¢,
a is parallelto (b—c),sob-c= 1a Al (2)
(b) () If A non-singular, then A AB = A AC = B=C (*AG M1A1 (2)
i) (3 6][] 5] _ [3 21] .
1 2001 I 7
Set (? z}{‘; zJ = [f il] and finding two equations M1
Any nof-zelfr values of' g, .!i ¢ and d such that Al (3)
a+2c=land b+2d=7.
9
[FP3/P6 June 2005 Qn 2]
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i ik
36. a) Normaltoplaneis 2 0 =6i +)- i
(a) plane is 3| =6i +j-4dk {or any multiple) MIAT (2)
1 =2 1
{b} Equation of plane is 6x+ y-dz=d M1
Substituting appropriate point in equation to give 6x + y -4z =16 Al (2)
leg. (1,6~1), (3,-2,0), (3,6, 2) efc]
@ p=-2 BT (1)
{d) Direction of line is perpendicutar to both normals
i j k
1 2 1|=-9+10j-11k M1
6 1 -
[Planes are: Bx+y-4z=16, x+2y+z=2]
Finding a point on line M1A1
a and b identified M1
-3 9
Any correct equation of correctform eg.|r —| 6 [l x|=10|=0. Al (5) [10]
-7 11
Alternative: Using equations of planes to find general point on line
Using equations of planes to form any two of
10x+9y=24, 11x-92=30, 11y + 10z =4 M1
Putting in parametric form 1
og. [l, 24—10,11 —30+11.2.) A
9 9
a and b identified M1
Writing in required form; a correct equation Al
[FP3/P6 June 2005 Qn 3]
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37. (a8) Det=—12 —2(2k—8) + 16 =20 -4k {*) AG M1A1 (2)
—4 8—2k 4
(b) Cofactors 8 -2k 3k—16 2 | [A1eacheror M1A3
4 2 -4
) 85— 2k 4
At= .- g 2:: %k -16 2 MIATN ()
20 — 4k
—4
3 2 4
c} Setting |2 0 2 M1
4 2 3
A=
Al (2)
3 2 4% x x
{d} Forming equations in x, y and z: 2 0 2fyi=8yp
4 2 3=z z 1
—Sx+2y+4z=0, 2x+2z=8y, dx+2y—-5z=0 A
Establishing ratio x: yrz . [x=2y, x=1Z]
2 M1
Eigenvector (k) 1
2 Al (4)
[14]
[FP3/P6 June 2005 Qn 7]

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009




38.

¥ —2x+17 =(x—1)° + 16

Bl

4
I= %d\‘ = [ arsinh (x- 1) ] orequiv. = arsinh % M1 A1V
14(x=1)" +16 4
[ M1 does not require limits; Al fit. on completing square, providing arsinh |
s s _
Into In form [In| =+ [~ +1 ;=  In2 MIAL
4 V16 |
) []
[ If straight to In form : BI1, hl|:(.\’ -1 +-\‘-"'(x —-D?*+16 I M1
Using limits correctly M1AIV, In2 Al]
[FP2/P5 January 2006 Qn 1]
39. (a) Using b’ =a* (e —1); [4=186(e" —1)] e= \f or equiv. (1.12) MIAI
< (2)
3 —
(b) Distance between foci =2ae [2x4X 7 1: =445 MI1A1Y
(2)
[ A1V dependent on both Ms ]
(c) Ellipse, centred on origin Bl
Hyperbola, both branches Bl
Totally correct, touching, with Bl
correct intercepts
(E))
[7]

[FP2/P5 January 2006 Qn 2]
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dx dy . Bl
— = 1+ cost, — = sinf, both
40. dt ' dt (both)
s = [\,."'((l +cosr)’ + (sjnr)?) dr ; = J'.V.‘"E + 2 cost dr MIAl
L 15 ‘
Use of "half-angle formula” [ [V"4coszr dr]; s = [4 51115} MIATY
- (0)
T .- 4
Using limits correctly and surd form; = 2+2 (allow —=)
V MI1AI
[7]
[FP2/P5 January 2006 Qn 3]
41. , e +e "
Using cosh x :T and attempt to progress Ml
( 3x x —-X —3x [ .x —-x
Correct intermediate step as faras 4 ¢ tie tde e -3 ﬁJ Al
A 8 AN 2 J
3x -3x
= % ~ cosh3x Al (3)
_ 5 Ml
(b) Using part (a) to reduce to cosh’x = [ 2]
_ M1
Correct method to form Inx orfind e¥ or e?”
x = 1In [«,2 + l) , In (\.-"‘2 - 1) or equivalent Al A1V
or % In (3 +242 ) Y In (3 — 22 ) (after findinge ** = ...... ) C))
(7]
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34 4 3
42. (a) 1,= —EI:X” (4—.r)2:| + %n I'x”’l(él—xjgdt

2 ¢ 2
= ;n I'x”’l(4 —x)?dx

0

2 ¢ 3 2 7 3
= —ral'i‘c”_l(él —x)?dx — —n[x” (4 — x)*dx
3 5 3 5
8
= Il,=—nl,_ ,——nl,
3
8&n .
[ 2n+3), =8nr7,_,] = 1,= I, ., AG
2n +3

(b) Relating 7, to 7, using result from (a)

—

2 53 )
7 = 6.§ . 048 (19 J
5 105 105

MIAIL

AlW

MIAL

Al*
(6)

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009
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43.

1 1 i
(a) artanh — = —Iln| ———— or equavalent
2 2 1 |
1—

or equavalent

_ 1 V241 V2
M2-17 241

= Tz +1f = ml2+1) ac

Alrernarive Approach

-

. . 1
Ifusing » = ar tanh (sin x) = tanh y = | —_

Na [ or cosh’ y= 2]

and then use exponentials:

Progression as faras e = or ¥ = . M1
Converting to In form M1
Answer as given Al*
Note: % In 13 + 2.2 :| can earn M1M1 but for Al* there must be a
convincing further step.
) Ll = ; cosx: = COS Y secx
dr 1 —sm~x cos” X

Note: If tanh y =sinx 1s differenniated M1 requures :1—1 = f(x)

(c) Attempt at by parts and use of result in (b)

= —cosx artanh(sinx) + |cosx secxddx
= —cosx artanh (smnx) + x

_ L

Using limits correctly = = ﬁln [l + ﬁ] + % or exact equivalent

M1

M1

Al*
3

MI1A1
(2

M1
Al
M1
MI1A1

&)
[10]

[FP2/P5 January 2006 Qn 8]
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44, k—A4 2 | 0
@ |2 -1-2 Ml
Characteristic equation: 1> — A —-6=10
Al
Solving: (1 =3)1+2)=0=>4=... M1
Al
A=-2, A=3 (both) )
(b) Method for finding an eigenvector Ml
2 2)=x x x 2
2 2 =6)-() =
2 -1y v hY 1
2 2Yx x x) (1 ALY
2 1Ay ¥ y) \-2
Equations are: y = 1y and V= —2X. Al
z (3)

2 2
Alt: [ ](x]=[y]:>2mz+3m—2=0 MI1Al
2 -1 ilmx my

[m = 1%,-2] Correct equations Al

Total 9 marks

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009
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45,

k1 -2
A=[0 -1 %
9 1 0

(a) Det. A = —%k*> +9k—18

Setting to zero and solving for & [(k— 6)(k — 3) = 0]

= k=3, k=6
-k 9% 9
(b) Cofactors -2 18 9-—-%

k-2 —-k* -k
[B1 for each row (or column)]

-k -2 k-2
Al = di 9k 18 —k*?
9 9-%k —k

[Al ft. is on determinant or cofactors |

MI1AI1
M1
Al

4
B3
MI1A1Y

3)
Total 9 marks
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46.

(@ RO=| -1 |, RP=| 3 (both)

RPxRO=|-4 3 -2-¢
1 -1 —1-¢

= (5-4c)i — (6+5c)j+k

b =2
d=-6-5c=4 AG

3
{c}) r.|d4|=p
1

1 3
(d) Equation of normal to plane through S: r=| 5 |+ ¢ 4
10 1
1+3:)(3
Meets plane where |5+ 4 .| 4 |=7 —=i1=-1
10+¢ )41

Bl

MI1A1Y
3)

AN
Al*{cso)
(2)

Ml
MIA1
3)

B1

MI1A1Y

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009
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g +e” o & —-e _11
2 2

47. Bl
3 -22e* +7=0 M: Simplify to form quadratic in e* | M1 Al
(3e*-D(E*-7)=0 e’ = % e* =7 M: Solve 3 term quadratic. | M1 Al
x:ln%(or—lnB) x=In7 Al  (6)
6 Marks
[FP2 June 2006 Qn 1]
Using b? = a*(1-e?) orequiv.tofindeorae: (a=2andb=1)
48.  (a) J3 M1 AL
g=—
2
Using y* = 4(ae)x y? = 44/3x (M requires values for a and e) | M1 A1 (4)
(b) | x=-4/3 Bift (1)
5 Marks

[FP2 June 2006 Qn 2]
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49.

(@)

(b)

@ _ 4sech?4x -1
dx

Put :—y =0 (cosh2 4x =4 cosh4x = 2)
X

4x =In(2++/3) or 8x = In(7 £4+/3) or e”* =2++/3 or
e™ =7+443 (+or+)

X :%In(2+\/§) or X :%In(7+4\/§) (or equiv.)
y = —%In(2+\/§)+tanh(....) (Substitute for x)
sech4x:%=\/m, tanh4x:§

y=2 Line 3= L 5o 3) )

Bl

M1
Al
Al (4
M1
M1

Al 3)
7 Marks

(a) “Second solution’, if seen, must be rejected to score the final
mark.

(b) 2" M requires an expression in terms of V3 without hyperbolics,
exponentials and logarithms.

[FP2 June 2006 Qn 5]
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50. @) 1 B1B1
& 1 ody L
dt t dt
% 1y’ 1 1 t+l ME, AL
\/{1& +(2t Zj , = 1+ 242 =14 or 0
. M1 M1 A1l
Length = dt—[t+|nt]1 (4+1In4)-1=3+In4 (¥ 7)
(b) | Surface area =
2 Y 1 1 M1
4 1 -= 4f = -=
27 4ﬁ\/ 1——} +[2t ZJ dt (:874 (tz +1 Z]dtJ
1 t 1
3 4 M1 M1 Al
2 1
= (87) ZL+2t2 = (87) (E+4j (2+2j 1607 (531,,} (4)
3 3 3 3 3
1
(11 marks)
[FP2 June 2006 Qn 6]
51 Ix arsinhxdx = Xsarsmhx J' M1 Al1Al
' WX +1
x> ?
{?arsinhx} = 9arsinh3 (or 9In(3+\/ﬁ)) Bl
0
Let u=x*+1 d—u=2x {uzzx2+1 2U3—U—ZX} M1
X
10 x° L2 1
5,[ T I 1 J‘(u2 2]du {gj(uz—l)du} M1
u2 2
3
1| 2uz  © 1| u?
=— —2u? =—|—-u
2 25| =
Whenx=0,u=1andwhenx=3,u=10 l ..... u=\/EJ
3 10
2 1 M1 Al
1w 5 20J_ 20 _("2)
6| 3 )
1
Area = 9arsmh3—g[14i_ 4} 9In (3-!-\/_)——(7\/_—1-2) (*) Alcso (10)
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Dependent M marks:
M: Choose an appropriate substitution & find ;J_u or ‘Set up’ integration by
X
parts.
M: Get all in terms of ‘u’ or Use integration by parts.
M: Sound integration.
M: Substitute both limits (for the correct variable) and subtract.
Alternative solution:
Let x=sinh@ d—X:coshH M1
dé
J.xzarsinh xdx:JesinhzecosthH M1
i3
:[95”;“ 9}—J'%sinh o(cosh?0-1)do M1 AL Al
. 3 arsinh3
{esmh 9} = Qarsinh3 Bl
3 0
3
J‘%sinh o(cosh?0-1)do :é{COSh 9 _cosh 6’} M1
3 arsinh3
lfcosh®0 _ 10\/_ _Ji0 _(__ j ML AL
3 3 . 3
7\/_ 2 Alcso

Area = 9arsinh3—=| —~— 9In(3+v10 )- =(74/10 + 2 *

|0l Gl R

10 Marks

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009




3
51. A few alternatives for: I X dx
VX +1
(i) Let u=x> d_oy
dx
E
I\/1+ u I\/1+ u
No marks yet. .. needs another substitution, or parts, or perhaps...
u 1
——=Jl+tu———= M1
«/1+ «/1+
“(V1l+udu-= M1
1 3 1
5(1+u)2 —(1+u)z M1
Limits (0to 9) M1
.. . dx
(ii) | Let x=sinh@ @zcoshe M1
H 3
ISInh 9-costhH:IsinhH(coshz0—1)d6’ M1
cosh @
Then, as in the alternative solution,
3
Ilsinh o(cosh?0-1)do _Ljcosh’0_ coshg M1
3 3 3
Limits (O to arsinh3) M1

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009




51. (iii) | Let u=tan@ j—;:secze M1
ta.n3 9 2 2
I -sec HdG:JtanaseCH(sec 49—1)d6’ M1
secd
) sec’ @
= Isec O(secHtan @)do - j(secé?tan 6)de = —secd M1
Limits (secﬁzlto secH:\/E) M1
(iv) | (By parts... must be the ‘right way round’, not integrating x*)
u:xz,d—u:ZX v__ X , V=v1+x? M1
dx dx A1+ X2
X1+ x? —J.Zxx/1+ x* dx M1
3
X21+ X2 —%(x2 +1) M1
Limits M1
(v) | (By parts)
du dv 1 i
u=x3® —=3x’ — =——__, v=arsinhx No progress
dx X i prog MO
_ x® X(X*+1)—x  x(x*+1) X
(vi) = = - M1
V1+x? V14 x? VI+x2 A1+ %
.[x\/1+x2 dx—.[ X dx M1
V1+x?
1 3 1
:5(1+ x2)2 —(l+ x2)2 M1
Limits M1
[FP2 June 2006 Qn7]
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52. (a) jx” cosh xdx = x" sinh x —Inx”‘lsinh x dx M1 Al
= x”sinhx—nx“1coshx+n(n—1)J.x”2cosh x dx M1
I, =x"sinhx—nx""coshx+n(n-1I_, (¥ Al (4
(b) | 1, = x*sinh x—4x®cosh x +121, M1
I, = x*sinh x — 4x® cosh x +12(x? sinh x — 2xcosh x + 21 ) M1
(This M may also be scored by finding 1, by integration.)
Iozj.coshxdx=sinhx+k Bl
1, = (x* +12x? + 24)sinh x, +(~4x° —24x)coshx (+C) Al, AL(5)
(c) [(x4 +12x% + 24)sinh X + (— Ax3 — 24x)cosh x]t
= 37sinh 1 — 28cosh 1 M: x = 1 substituted throughout (at some stage) | M1
e—e’ e+re’
=37 —-28 M1
M: Use of exp. Definitions (can be in terms of x)
1
=2 (9e —65¢) Al (3)
12 Marks
(b) Integration constant missing throughout loses the B mark
[FP2 June 2006 Qn 8]
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(mx+c)®

2
53.(a) %+ o2 =1 b*x? +a’*(mx +c)* =a’b? M1
(b2 +a?m? Jx? + 2a%mex + a%(c? —b? )= 0 * |AL (2
() | (2a’mcf = 4(b? +a’m? a®(c? - b?) M1
4n2n2 _ Ana2(h2p2 _ K4 20n2-2 2262 2 _ K2 2~2
4amc_4a(bc b* +a‘m°c amb) c_b+am(*) Al (2
(c) | Find height and base of triangle (perhaps in terms of c). M1
[lh2 2 .~2
OB =c¢ (z«/b2 +a2m2) and AO= % (: M%J Al
¢® b*+a’m?
Area of triangle OAB = — = —om M: Find area and subs. forc. | M1 A1(4)
m m
2 2 .~2 2 2
A :k);&:b?m_l +a7m
m
d M1 Al
@) dA b> , a° b® 2 b
—=——m"+—=0 —=a m=—
dm 2 2 a
b>Ya) (a*) b
A=l— ||+l |=ab *
Sl o "o
. —a’mc .
©) Root of quadratic: x =m (Should be correct if quoted M1
directly)
Using m:E and ¢ = vb*+a’m’; x:—% M1 A1(3)
a
(The 2" M is dependent on using the quadratic equation). 14 Marks
(d) | Alternative: b® +a’m? > 2bam (since (b—am)* >0) [M1]
2 2.~2
ﬂz ab [A1]
2m
Conclusion [A1l]
(e) | Alternative:
Begin with full eqn. (b? +a’m? k2 + 2a?mex +a?(c? —b?)=0.
In the egn., use conditions m :% and ¢ =vb? +a’m? (=b+/2) [M1]
Simplify and solve eqn., e.g. 2x> +2ay2x+a’* =0 x= —%

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009
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11
A'=0 1 1 =
00

54. Bl
1
( Hence true for n =1)
1k 3(k+3k) (1 1 2
A=A A=|0 1 k 011 M1
00 1 0 01
1 k+1 2+k+3(k*+3k)
=0 1 k+1
0 O 1
2+k+1(k®+3k)=1(k®+5k +4) =3 (k*+ 2k +1+3k +3) M1 Dep
=4((k+12)" +3(k+1)) Al
( Hence, if result is true for n =k, then it is true for n = k + 1).
By Mathematical Induction, above implies true for all positive integers. | Al cso
cso ()
[5 marks]
[FP3 June 2006 Qn 1]
55. (@) (4-2)(1-1)+2=0 M1
A*=52+6=(1-3)(1-2)=0 M1
A=2,1,=3 both Al (3
1(1 2
b M™*=2=
(b) Q(_l 4j B1B1 (2)
11 1
(c) ‘6 Z 7 [=-ixE+ixE=0 M1 for either value M1 Al
% 372
(hence +is an eigenvalue of M‘l)
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1.1 1
6_;3 zi;:_%x%Jr%X%:O Al
6 3 3
(hence Lis an eigenvalue of M) (3)
(d) Using eigenvalues
o )
. =2
1 1 y y
A4X-2y=2X = Yy=X M1 Al
4 -2\ (x X
: =3
1 1 y y
Ax-2y=3x = y=3X M1 AL (4)
[12]
"""""""""" Alternative to (c), using characteristic polynomial of M |
(5= A)(E-2)+4x3=0 M1
Leadingto 64°-51+1=(31-1)(24-1)=0 = A=1%,% Al, Al (3)
. 4 -2 X X'
Alternative to (d) . =
1 1 ){mx mx’
4x-2mx=x', X+mx=mx’ both M1
1+m m Al
4-2m
Leadingto 2m*-3m+1=(2m-1)(m-1)=0 = m=1%,1 M1
y=3X Y=X both Al (4
[FP3 June 2006 Qn 5]

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009



i j k

56. (a) (b-a)x(c-a)=[2 0 -3 M1
4 -5 -1
=-15i-10j-10k Al+A1+AL (4)

Allow M1 Al for negative of above

(b) r.(3i+2j+2k)=(3i+2j+2k).(i+3j—k) orequivalent M1

r(3i+2j+2k)=7 or multiple Al (2)

(c) Letx=4, z=3-1,
then 2y=7-31-2(3-1) = y=%-1i1

X,y and z in terms of a single parameter M1
The direction of | is any multiple of (2i—j—2k) M1
(r—(4j+3k))x(2i-j—2k)=0 orequivalent M1AL (4

Possible equivalents are (r—(i+2k))x(-2i+j+2k)=0
and (r—(3i —j))x(—i +1j+k)=0
The general form is

{r-[i+2k+c,(2i-j-2K) ] xc, (2i-j-2k) =0

(d) (Ai+(1-%4)j+(3-2)k).(2i-j—2k)=0 M1
24-1+12-6+21=0
Leadingto A=2% M1 Al
P:(8.-4.%) AL @

[14]
Alternative to (d)
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OP?=2°+(3-44) +(3-4)" (=4(94°-264+37)) M1
i(0F>2)—o = A=1
il = =3 M1 Al
P:(%.-%.%) Al (4)
[FP3 June 2006 Qn 7]
57. X* +4x-5=(x+2)*-9 B1
J' ! dx =arcosh X+2
N —| M1 Alft
\/((x+2)2— 3
ft their completing the square, requires arcosh
3
[arcosh XLZ} :arcosh§ (—arcosh 1)
3 | 3
5 [25 5
=In| =+, [—-1|=In| = In3 I M1 Al 5
[3 9 } (3 j ®)
[5]
Alternative
X* +4x-5=(x+2)*-9 Bl
Let x+2=3secd, d —33ec¢9tan6?
SSecetane
\/ X+2) —9 v 9sec’ - M1
:jsecede Alft
arcsec§ 5 4
[In(secO+tan6)] "= =1In 33 =In3 M1Al (5)

[FP2 June 2007 Qn 1]
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58. @)

I
.y

One ellipse centred at O | B1
Another ellipse, centred at O, touching on y-axis | B1

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009

Intersections: At least 2, 5, and 3 shown correctly | B1 )
(b) Using b* =a*(1-e?), or equivalent, to find e or ae for D or E. M1
ForS: a=5and b=3, e= % : ae=4 ignore sign withae | Al

! ! ! \/5 A/’ H H H A/

ForT: a’=3 and b'=2, e:?, a'e’=+/5 ignoresign with a'e" | Al

ST =+(16+5)=+21 M1Al1 (5)

[8]

[FP2 June 2007 Qn 2]




dy 1 1
, —— == 4x-= Bl
59 dx 4( x]
dy 1
1+ — dx=f|1+] x—— dx M1
dx 4x
, 1 1 1
= |1+xX*+—-=| dx= X+— dx= ]| x+— |dx | M1Al
16x° 2 4x X
2
_X Inx Al
2 4
x* Inx] N2 1 In05 15 1 M1 A1
—t— =2+ —=— =—+=In2
2 4, 4 8 4 8 2 (7
(a:E, bzlj
8 2 (7 marks)
[FP2 June 2007 Qn 3]
60. (@)
A -A B -B A_q-A B_A-B
cosh Acosh B —sinh Asinh B =| & *° T I " M1
2 2 2 2
_%(eA+B+e—A+B+eA—B+e—A—B_eA+B+e—A+B+eA—B e—A—B)
A-B —-(A-B)
_%(zeA*B+2eAB)=e +Ze =cosh(A-B) cso | M1AL (3)
(b) cosh xcosh1—sinh xsinh1 = sinh x M1
cosh xcoshl=sinhx(1+sinhl) = tanhx= cos_hl M1
1+sinhl
e+e’
e e+e e’ +1
tanhx=—2 = = cs0 | M1AL (4
e—-e' 2+e-e' e*+2e-1 @
1+
2
[7]
Alternative for (b)
ex—l_i_e—(x—l) ~ eX_g* M1
2 2
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e’+e

T e-1
e¥—e* e -1 e’+e—-(e-1) e+l
e*+e* e+l e’+e+(e-1) e*+2e-1

e2x

Leading to

CSo

tanh x =

M1

M1AL (4)

[FP2 June 2007 Qn 4]

8
61. (@) In:—%[x”(S—x)%} +%J.nx”‘1(8—x)%dx M1 Al
0
:%Inx”’l(S—x)%dx ft numeric constants only | A1ft
J'nx”‘1 (8—x)(8— x)% dx = j nx""8(8— x)% dx — j nx"'x (8- x)}/3 dx M1 Al
3 24n
I =6nl _,—=nl = | = | cso | Al 6
n n-1 4 n n 3n+4 n-1 ( )
8 8
(b) o= (s—x)%dx{—ﬁ(s—x)%} = 38% =12 M1 AL
0 4 o 4
’ %
|=j X(x+5)(8—x) 2 dx = I, +51, M1
0
| _2 —ﬁl —ﬁxﬁl (—@I j M1 Al
7 210t 1007 °L 35
. . T 168
The previous line can be implied by | =1, + 51, :?I0
576 24 2016
| =| —+5x— |x12=——-(=403.2
(35 x?jx 5 ) AL 6
(12 marks)
[FP2 June 2007 Qn 6]
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62. (@) di(arsinh x%)z;xlx‘}/2 ( ;]

X JIx) 20 [ 249x(1+x)
At x=4, d—y:L
dx 445
- dx .
(b) X =sinh* 4, £=25|nh¢9cosh9

jarsinh N Xdx = jex 2sinh @ cosh 9d@

@cosh 20 B J‘ cosh 20

= [sinh 2040 = >

de

_sinh 20
4

[eathH_SMhze}mmz
2 4

0

==arsinh 2x(1+8) -
2 4 2

:%nﬂ2+v5)—¢5

Alternative for (a)

dy:1

An alternative for (b) is given on the next page

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009

accept equivalents

= .. attempt at substitution

_[9(l+23mh29)2ﬂnhecoﬁ19] 1 45

x=sinh®y,  2sinhycoshy—=
dx
d_y_ 1 B 1 3 1
dx 2sinhycoshy 2sinhy+(sinh®y+1){  24x(1+x)
At x=4, dy :L accept equivalents
dx 445

M1 AL

Al (3)

M1 AL

M1 AL+ Al

M1

M1

M1 AL

Al (10)
[13]

M1

Al

Al (3)




62.

Alternative for (b)

. . 1
1xarsinh+/xdx = xarsinh/x— | Xx ——————dx
I v v .[ 24/ x~/(1+x)
:xarsinh\/x—J'de
24(1+x)
N dx .
Let x=sinh“ 9, — =2sinh&coshd
de
I VX dx:ISInhexZSinhecoshede
V(1+x) cosh @
=ZIsinhZHdezzj-COShw—lde, =sm229—9

—arsinh 2

{sinh 20 _ers"‘hz _[Zsinh 6 cosh @ _GTSM _ 2x2x+/5
2 0 2 0

IOAarsinh N xdx = 4arsinh 2—%{%—arsinh 2} :%In(2+\/5)—\/5

The last 7 marks of the alternative solution can be gained as follows

Let x=tan’é, 3—2 =2tan@sec’ 6

dependent on first M1

J VX dx:jtanexztaneseczé?d&
V(1+x) secd

:J'Zsecetanzede
j(secetan )tan #do = secH tan G—J'secae do
:s.ec¢9tan<9—jsec«9(1+tan2 H)de

Hence J'secetanzedezgsecetan 0—%j3e00d0
1 1
:Esec@tan&’—zln(seceﬂanﬁ)
arctan 2 1 1
[ ] :Ex\/5x2—5|n(\/5+2)

0

I;arsinh\/xdx=4arsinh2—\/5+%In(2+\/5):%In(2+\/5)—\/5

M1 Al + Al

M1 Al

M1, M1

M1 Al

Al (10)

M1 Al

M1

M1
M1 Al

Al

[FP2 June 2007 Qn 7]
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3 4 p)\(0 0
€)] -1 q 4||1|=4]1
1 1 3)\-1 -1
Third row 1-3=-4 = A1=2 M1 Al (2)
3 4 p 0 4-p 0
(b) -1 g 4|1 |=lg+4|=2|1 M1 Al
1 1 3)1-1 -2 -1
First row 4-p=0 = p=4 Method for either M1
Second row q+4=2 = q=-2 Both correct Alft  (4)
3 4 4)\(1 10
(© -1 -2 4| /m|=|-4
1 1 3 )(n 3
3l+4m+4n=10
—l-2m-4n=-4
l+m+3n=3 Obtaining 3 linear equations | M1
2l +2m=6
3l+2m=8 Reducing to a pair of equationsand | M1
solving for one variable
=2,m=1,n=0 Solving for all three variables. | M1 A1 (4)
[10]
Alternative to (c)
. 2 8 8
A’lzg -1 -5 -8 M1 M1
-1 -1 2
. 2 8 8)(10 2
5 -1 -5 -8||-4|=|1 M1 Al (4)
-1 -1 2 3 0
[FP3 June 2007 Qn 3]
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64.

(a) AB =—i+3j+3k, AC=4j+2k any two
i j k
ABxAC =|-1 3 3|=-6i+2j—4k
0 4 2

Give Al for any two components correct or the negative of the correct answer.

(b) Cartesian equation has form 3x—y+2z=p

(2-1,0) = 6+1=p or use of another point

3X—-y+2z=7 * or any multiple
5 2

(c) Parametric form of lineis r=|5|+ 4| -1 or equivalent form
3 -2

Substituting into equation of plane
3(5+24)—-(5-4)+2(3-24)=7

Leading to A=-3
T:(-18,9)
(d) AT =-3i+9j+9k, BT =—2i+6j+6k both

These are parallel and hence A, B and T are collinear % (by the axiom of parallels)

Alternative to (d)
The equation of AB:

K -1=2-py = pu=3
u=3 = OT =-i+8j+9k
Hence A, B and T are collinear %k

r=2i—j+u(-i+3j+3k) or equivalent

CSo

Note: Column vectors or bold-faced vectors may be used at any stage.

Bl

M1 AL A1l
4)

M1

Al (2

M1 Al

M1

Al

Al (5)

M1

M1 AL (3)
[14]

M1

M1

Al (3

[FP3 June 2007 Qn 7]
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65.

sech’x
tanh x

= ! = 2 = 2cosech 2x
sinhxcoshx sinh2x

%(m (tanh x)) =

Notes
1M1  Any valid differentiation attempt including In(e” —e™) —In{e” +¢™)
coshx sinhx

1A1 ¢.a,0. {0.¢ e.8. ~—
sinhx coshx

2M1  Proceeding to a hyperbolic expression in 2x

ZA1 €.8.0.

M1 Al

*) M1 Al

(4)

FP3 question mark schemes from old P4, P5, P6 and FP1, FP2, FP3 papers — Version 2.1 — March 2009
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X —x E ok
g &2 ]—4[“" © J=13 Bl

de” +de™" —=2e" + 27 =13
2e™ —13e* +6=0 (or equiv.) M1 Al
(2¢" — ("~ 6) =0

¢*=l. e =6 M1 Alft
2
x=ln%{0r—ln2}, x=1In6 Al
Notes
B1 Correctly substituting exponentials for all hyperbolics

1M1 To a ihree tenn quadratic in &”
1A1 c.a.0. {0.e.)

2M1 Solving their cquation to e” =
ZALfE Lt their equation.
3Al c.a.o,

[FP2 June 2008 Qn 2]
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67.

—[«J;_g dxt -{Jx;—-;dx

= [3amnsh Z X —9}

s

b

= 3111‘5*T V2T 2T —4=3|n2+3—‘ﬁ+3~5—4

]

&

31:{""'{— ";;4] +Jx —9

3

3|n{£)+ﬁ]—[3ln[5;4}+4]

Motes

B1
1M1
1Al
IAl

Comectly changing to an integrable form.
Complete attempt to integrate at least one bit.
Ome lerm cormect

All correct

IDM1 Substituting limits in all.Munost have got first M1

3Al
44l

Correctly {no follow throughl
C.5.O.

(*)

Bl

M1 AT Al

MI Al

Al

)
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[FP2 June 2008 Qn 3]




dy 3x* dy 6
a) — = — | Atx =2 = _Z=2 M1 Al, Al
68. | @ T e a3
y — arsinh (2+/2) = 2(x —2) M1
y=2x-2+2 + Inf3+242) *) Al (5]
3&1 4 L]
(b)) ——=2 Qa’ =41 +a") M1 Al
Vi+a®
d4a® —9a* +4 =0 (@ —2)4da'—a —2)=0 Al
—
gt = 12132 a= 233 _g92 MIAL (5
8 V &
10}
Motes
(a)1M1 Attempt 1o difTerentiate need (1+ x” ) 7 at least
1AL correct
2A1 caan.
2M1 Substituting into straight line equation (linear). Must use x = \l’r;
3A1 cs.0.
(b)IM1 Their derivative = their gradient {condone x throughout)
IMM1= A mark cao, any form
1A1  quartic cao
3M1 Solving their quartic to “g” =
2A1 cao (awrt 0.92 to 2dp)
[FP2 June 2008 Qn 4]
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69. (@1, = J e sin"xdx = [e" sin” x]— j‘e"nsin”'lxcosxdr
]

. . — x
[c" sin x — ne* sin” ]xms:c]ﬂ =0
% 3 - s 3
I,=-n je’ sin"xdx + n(n—1) |sin"? x(1-sin’ x)dx

I, =-nl, +nn-DI,_,—nn-1I, 1,="0=Dp

n?+1
4x3 12 2
‘i" :—I, = — —I
®) le=—-0 17759
" T 24
L= ea=ll=.. L= 1
o _L & [E]u 4 35{‘3 )

(a)IM1 Complete attempt to use parts once in the right direction need sin”™ " x
1Al cao

2A1 cao
1B1 both =0 at some point. {doesn™ need to be correct, must must =0)
3DM1 1, =expressions in Ie" sin® x dx Depends on 2™ M
4DM1Expresssion in [ and 1__, to [, =. Depends on 3° M
3A1 caso.

(b)IM1 I, intermsof T,

141 1, correctly in terms of 1 [0.2.]
AM1 |eldx

2A1 caofor I, .

[e" sin” x - ne” sin™” xcos x]+ n Je‘ (—sin™x +(n—1)cosxsin™ > xcosx)dx

ZM1 Atempt to use parts again with sensible choice of parts, not reversing. Need to be differentiating a product.

MI Al

M1 Al

Bl

Ml
Ml Al (%)
MI, Al

ML, Al 4

12
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20 (@) [cosh xarctan(sinh x)dx = sinh xarctan(sinh x) — J'sinhx _coshx M1 Al Al
: I+sinh” x
= sinhxarctan(sinhx}m%ln(l+$inh2x] {+) M1 Al (5)
Or: T jtanh xdx
= sinh xarctan(sinh x} — In{cosh x) (+C) M1 AL
Alternative:
Let r =sinh x, ﬂ=-::_':r31'1,74:, Iarctamd.r=.rarclam— J- ! i ML AL Al
dx 1+1¢
a4+ ) M1
2
= sinh xarctan(sinh x) — %]n{l +sinh® x) (+C) (or equiv.) Al
(b} %[sinh xarctan(sinh x) - ln{coshx}}ﬁ S a 0.34 ) MI, Al {2}
7
{a) Alternative:
Let tan# = sinh x, seczt% = cosh x, fr sec? tdt = rtant — _[tan:dr ML AL Al
= iinee.— IN{5ECT) M1
= sinh xarctan(sinh x) —Inv1 +sinh®x (+C)  (or equiv.) Al
Notes
{a)1M1 Complete attempt to use parts
1Al Oneterm correct.
2A1 All correct.
2M1 Al integration completed. Need a In term.
3A1 coano. inx) o, any correct form, simplified or not
(D)IM1 Use of limits 0 and 2 and 1/10.
1A1 c.s.0.
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71.

(a)E_l_y_df.—_-ﬂ E:‘ts&cftani,d—y:?bseczq
16 9 dx dr dr

dy _ Qx _ lbsect _ 3
dr 16y 48tans 4sinrs

(b)IMIL Use of 5* = a” (¢” =1)

1A1 c.ao. for ae or for e

2M1 Using x coordinate of focus= x coordinate of P, to get single term
Jif= constant. {Allow recovery im (2) )

361 Substituting into P coordinates to a number for x and for y.
2A1 cao.

(c]IM1 Anempe to find x coordinate of R

2M1 Substituting into comrect template i.e. ¥ X [their R, - their H,| x their P,
141 c.a0. 3 s 1 or better.

y—3tans = #{; — dsect)
4xsinr+3y=25tans %)
s a2 2.2 2 g2 =2
(b} Using &° =a”(e” —1}: ae=~a +b" =5 or e—z
4
P: dsect =5 c05£=;
Coordinates of P: {45&:?,31‘3]1.!‘) - (5,%]
25tans 125
R: - — =
@R X=dns 16
Area of PRS: l{SRxSP}=ix[u—5—5 w3 o205 (= 33]
2 2 16 4 128 128
Notes
{a 1M1 Differentitating
1A1 cao.
dy .
2Mi1 — int £
e in terms o
2ZAl1 c.ao.
3M1 Substituting gradient of mormal into straight line equation.
3A1 ¢S

MI Al
M1 Al

M1
Al (6)

M1 AL

1T Al {5)
M1

M1 Al (1)

14
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1 p 2Y1 1 1+2p+2 A
0 3 g||2i=4]2 6+g |=|21|is M1 Al (2 egns implied)
2 p 1)1 1 2+2p+1 A
2. @], ’ ?
I+2p
6+q |=>6+g=203+2p)is M1 Al (2 eqns, use of parameter implied)
L3+2p
1+2p+2=24 6+g=21  M: Two eguations, one in p, one in g M1 Al
6+g=6+4p — g=4p (*) | AL(3)
b) -4 p 2| I-2 p 2
0 =2 4p=0or | 0 3-A 4p|=0 (orwithg instead of 4p) M1
2 p -4 2 p 1-i
[ 4(8 — 45") — p(0 — 8p) +2(0 + 4) = 0] p'=1 or pg=4 Al
p<0 p=-1 g=-4 M: Use g = 4p to find value of p and of ¢ | dM1 A1 (4)
Al: Positive values must be rejected
(<)
~dr—=y+2z=0, -2y—4z=0, 2Zx—y—4z=0 Any 2 eqns, with value of p | M1
x=—y=12z {or 2 separate eguations) M1
1
E.vector is k| —2 (Any non-zero value of k) AL (3)
1
(10)
(a) Assuming a value for A, e.g. A= 1. gives M1 A0 AQ.
{a) Assuming result and working *backwards’:
1 p 271 3+2p 1)
O 3 dp||2|=6+4p ={3+2p 2|, gives M1 A0 AQ
2 p 1)1 3+2p 1)
(b} Alternative:
1 p 2%x x -4 p  2%Wxy (0
0O 3 4p|y|=5ly|lor| 0 -2 4p| y|=|0|(orginstead of 4p) | M1
2 p 1)z z 2 p =4j=z; |0
x+tpy+2z=3x 3v+dpz=5y, 2x+py+z= 5z
py+2z=4x (i), 2pz = p (ii), 2x + py = 4z (iii)
From (i) and (iii) py=2z
From (ii) =1 {or equiv. in terms of p and/or g) Al
p<0.p=-1,g=-4 Al: Positive values must be rejected | dM1 Al
1

{b) Using the eigenvector | 2 | scores no marks in this part.
1

[FP3 June 2008 Qn 2]
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73. @ | PO=i-j+2k PR=2i—3j+3k Bl
i j k
POxPR=|1 -1 2|=3i+j-k M1 Al (3)
2 =3 3 )
B lr.Gi+j-K=(-K.Ci+j-k [may use OQ or OR] | M1
r.Gitji-k =4 o.e. ft from (a) | Alft (2)
{c) Ix+y—z=4(i), x—2y—53=2=06(ii)
(i) =2+ (i} Tx—T=z=14, x=z+2 (M: Eliminate one variable) | M1
In (if) z+2-2y—35z2=06, y+2=-1= (M: Substitute back) | M1
sx=z+2andy+2=-2z oe (p=2-2x)
‘ . . Al
(Two correct “3-term” equations)
x—2 w+2 =z . .
- =- o.e. (M: Form cartesian equations) | M1 Al (5)
(1} -2 (I
(d) | Writing down direction vector of PS from part (c). M1
OR = i—2j+k = PS ..PSIHQR _ (or cross-product = 0) | Al (2)
(€) | PT =4i+2j (or OT =3i+3j—2k or RT =2i+ 5j—3k)
Volume = ~|POx PRPT|= X |(3i+j— k). (i +2j)| ft from (a)
. . M1 Alft
(Instead of PO = PR, itcould be PO = OR or PR= OR)
=Llaaeay
3
=42 o.e. Al ()
(15)
(a) If both vectors are ‘reversed’, B0 M1 Al is possible
(c) Alternative:
1 30 1
Direction of line: | —2 {=| 1 =7 -2 M2 Al
-5 —1 1
Through P (1,0,—1): ‘”—Iﬂiz_%'” M1 Al
{e) Alternative:
4 2
% 1 -1 gives M1 A1 directly. Here fi from 1¥ line of part (a).
2 -3 3
Special case:
% or % instead of % , but method otherwise correct: M1 AQ A0

[FP3 June 2008 Qn 7]
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